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ALGEBRAIC K-THEORY, K-REGULARITY, AND T-DUALITY OF
O∞-STABLE C
∗-ALGEBRAS
SNIGDHAYAN MAHANTA
Dedicated to Professor Marc A. Rieffel on the occasion of his 75th birthday.
Abstract. We develop an algebraic formalism for topological T-duality. More precisely, we
show that topological T-duality actually induces an isomorphism between noncommutative
motives that in turn implements the well-known isomorphism between twisted K-theories
(up to a shift). In order to establish this result we model topological K-theory by algebraic
K-theory. We also construct an E∞-operad starting from any strongly self-absorbing C
∗-
algebraD. Then we show that there is a functorial topological K-theory symmetric spectrum
construction KtopΣ (−) on the category of separable C
∗-algebras, such that KtopΣ (D) is an
algebra over this operad; moreover,KtopΣ (A⊗ˆD) is a module over this algebra. Along the way
we obtain a new symmetric spectra valued functorial model for the (connective) topological
K-theory of C∗-algebras. We also show that O∞-stable C
∗-algebras are K-regular providing
evidence for a conjecture of Rosenberg. We conclude with an explicit description of the
algebraic K-theory of ax + b-semigroup C∗-algebras coming from number theory and that
of O∞-stabilized noncommutative tori.
Introduction
Within the category of separable C∗-algebras SC∗ the stable ones, i.e., those A ∈ SC∗
satisfying A⊗ˆK ∼= A, play a privileged role. For instance, it is known that they satisfy
the Karoubi conjecture and appear very naturally in the context of twisted K-theory. The
results in this article demonstrate that O∞-stable separable C
∗-algebras, i.e., those A ∈ SC∗
satisfying A⊗ˆO∞ ∼= A, deserve a similar prominent status. Moreover, the Cuntz algebra O∞
is strongly self-absorbing, which has several interesting ramifications.
Ever since its inception by Kontsevich [33] the homological mirror symmetry conjecture has
promoted rich interaction between geometry, algebra, and (higher) category theory. Mirror
symmetry is related to T-duality via the Strominger–Yau–Zaslow conjecture [61] and hence
we believe that it is worthwhile to have an algebraic formalism for T-duality at our disposal.
One aspect of this theory is the Bunke–Schick topological T-duality, which has received a lot
of attention in the mathematical literature. It is insensitive to subtle geometric structures
but its mathematical underpinnings are very well understood [8, 7, 9]. One of the objectives
of this article is to develop an algebraic formalism for topological T-duality relating it to
the theory of noncommutative motives [34, 35, 65, 45]. Along the way we obtain several
interesting applications to algebraic K-theory and K-regularity of C∗-algebras. The novelty
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of our approach lies in the use of the Cuntz algebra O∞ and the construction of certain
operadic actions on (twisted) K-theory.
Let us briefly describe our main results. Given any C∗-algebra A we can functorially asso-
ciate its noncommutative motive HPfdg(A) with it [41]. As a mathematical object HPfdg(A) is
a differential graded category that is defined purely algebraically. In Section 1 we show that if
A and A′ are KK-equivalent separable C∗-algebras, then HPfdg(A⊗ˆO∞) and HPfdg(A
′⊗ˆO∞)
are isomorphic objects in the category of noncommutative motives (cf. Theorem 1.5 and
Corollary 1.6). We also show that the nonconnective K-theory of the noncommutative mo-
tive HPfdg(A⊗ˆO∞) is naturally isomorphic to the topological K-theory of A (cf. Theorem
1.7). It is known that under favourable circumstances topological T-duality can be expressed
as a KK-equivalence between two separable C∗-algebras [3, 4]. Thus our results show that
in such cases one actually has an isomorphism of noncommutative motives that implements
the well-known isomorphism (up to a shift) between the twisted K-theories. Since noncom-
mutative motives constitute the universal cohomology theory of noncommutative spaces, our
results demonstrate that topological T-duality implements an isomorphism of universal coho-
mology theories. The treatment here is completely algebraic; we model topological K-theory
via algebraic K-theory following (and somewhat refining) our earlier approach in [41].
Let us now explain the significance of O∞ in this context that made no appearance in
[41]. It is a noteworthy example of a strongly self-absorbing C∗-algebra [66] with very
interesting structural properties. Using a result from [13] (see also [31]) one can deduce that
nonconnective algebraic K-theory agrees naturally with topological K-theory for O∞-stable
C∗-algebras. There has been considerable interest in associating symmetric spectra with C∗-
algebras functorially, whose homotopy groups are the topological K-theory groups. Various
algebraic K-theory machines (like Waldhausen K-theory) canonically produce symmetric
spectra (see Remark 1.2.6 of [28]). Combining this fact with our techniques we obtain a new
functorial symmmetric spectra valued model for the (connective) topological K-theory of C∗-
algebras (cf. Theorem 2.4 and Remark 2.5). This algebraic method completely circumvents
the analytical difficulties that one needs to overcome in a direct approach like the one in
[29]. Applying the technology of [41] this result could have been deduced without invoking
O∞. However, we exhibit more algebraic structure on K-theory using our current formalism.
Indeed, we construct for every strongly self-absorbing C∗-algebra D an E∞-operad that we
call the strongly self-absorbing D-operad (cf. Definition 3.2 and Proposition 3.4). Then we
show that there is a symmetric spectra valued model for the topological K-theory of D that
is an algebra over the D-operad; moreover, the topological K-theory symmetric spectrum
of any D-stable separable C∗-algebra is a module over this algebra (cf. Theorem 3.6 for a
more general formulation and also Example 3.7). These operadic structures up to coherent
homotopy in symmetric spectra can be further rectified to strict ones (see, for instance,
[44, 24]). For the ∞-categorical counterparts of related results the readers may refer to [39].
Using similar ideas as before we show that A⊗ˆO∞ is K-regular for any C
∗-algebra A (cf.
Theorem 4.1), providing evidence for a conjecture of Rosenberg [55]. We carry out an ex-
plicit computation of the algebraic K-theory of ax+b-semigroup C∗-algebras associated with
number rings [17, 37] (cf. Theorem 5.1). Noncommutative tori constitute arguably the most
widely studied class of noncommutative spaces. Their geometric invariants were studied
extensively by Connes and Rieffel (see, for instance, [10, 11, 52]). We show that the alge-
braic K-theory of noncommutative tori are explicitly computable after O∞-stabilization (cf.
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Theorem 5.2). Using a powerful result of Rieffel [52], one also obtains a clear understanding
of the elements of the algebraic K-theory groups in low degrees (see Remark 5.3).
Remark. Some of the arguments below exploit a cute trick (cf. Lemma 1.4). The range
of applicability of this trick is much broader than the case explored here (see, for instance,
Proposition 1.1.2 of [53]). The author is grateful to D. Enders for pointing out that Proposi-
tion 2.2, that uses this trick, can be generalized to all C∗-algebras of the form A⊗ˆB with B
properly infinite. We encourage the readers to consult [13] for an even more general result.
Notations and Conventions: In the sequel we denote the category of all (resp. separa-
ble) C∗-algebras by C∗ (resp. SC∗). We denote by K(−) [resp. K(−)] the nonconnective
algebraic K-theory spectrum [resp. K-theory group] functor and by Ktop(−) [resp. Ktop(−)]
the (twisted) topological K-theory spectrum [resp. K-theory group] functor on C∗. Unless
otherwise stated, all spaces are assumed to be Hausdorff and ⊗ˆ will denote the maximal
C∗-tensor product (expect in Example 3.7).
Acknowledgements: The author would like to thank J. Cuntz, D. Enders, G. Horel, J.
Lind, and A. Thom for beneficial discussions. The author is also grateful to U. Bunke,
N. C. Phillips, and J. Rosenberg for constructive feedback. Careful reviews resulting in
several corrections suggested by the anonymous referees have helped improve the exposition
significantly. A part of this project was also supported by the fellowship for research scholars
of the Max Planck Institute for Mathematics, Bonn.
1. Topological T-duality and noncommutative motives
For the benefit of the reader we briefly discuss topological T-duality and noncommutative
motives as well as their K-theory before explaining our results.
1.1. Topological T-duality. T-duality is an interesting phenomenon is string theory, some
of whose mathematical aspects were studied in [2]. We are solely going to focus on axiomatic
topological T-duality from [8], which builds upon the earlier work in [2]. Let B be a topo-
logical base space. Consider the category of pairs (E, h), where π : E → B is a principal S1-
bundle over B and h ∈ H3(E,Z). Two such pairs (E1, h1) and (E2, h2) are isomorphic if there
is an isomorphism F : E1 → E2 of principal bundles such that F
∗h2 = h1. Two pairs (E1, h1)
and (E2, h2) are said to be T-dual if there is a Thom class Th ∈ H
3(S(V ),Z) for S(V ) such
that h1 = i
∗
1Th and h2 = i
∗
2Th. Here S(V ) is the sphere bundle of V := E1×S1C⊕E2×S1C
and ik : Ek → S(V ) are the canonical maps for k = 1, 2. This definition implies the following
correspondence picture: Let πk : Ek → B with k = 1, 2 be two principal S
1-bundles and
(E1, h1) and (E2, h2) be T-dual pairs. Then there is a commutative diagram
E1 ×B E2
pr1
zztt
tt
tt
tt
tt
q

pr2
$$❏
❏❏
❏❏
❏❏
❏❏
❏
E1
pi1
$$❏
❏❏
❏❏
❏❏
❏❏
❏❏
E2
pi2
zztt
tt
tt
tt
tt
t
B,
(1)
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such that pr∗1(h1) = pr
∗
2(h2). This basic correspondence picture relates topological T-duality
to cohomological quantization (see, for instance, [48, 59]).
In [8] Bunke–Schick showed that the association B 7→ {isom. classes of pairs over B} as a
functor on topological spaces is representable. The representing space E supports a universal
pair and any pair on B can be obtained up to isomorphism via a pullback along some map
B → E (defined uniquely up to homotopy). Using the explicit construction of the universal
object and the T-dual of the universal pair the authors were able to prove the existence
and uniqueness of T-duality for S1-bundles. One of the salient features of T-duality is the
following: If (E1, h1) and (E2, h2) are T-dual pairs, then there is an isomorphism of twisted
K-theories:
(Ktop)od(E1, h1) ≃ (K
top)ev(E2, h2) and (K
top)ev(E1, h1) ≃ (K
top)od(E2, h2).(2)
The theory of topological T-duality is not limited to S1-bundles. However, for more gen-
eral (
∏n
i=1 S
1)-bundles with n > 1 the theory becomes quite subtle [7, 9] and sometimes
necessitates the use of C∗-algebras [46]. Moreover, C∗-algebras appear quite naturally in the
context of twisted K-theory [54]. Thus it seems natural to study T-duality via C∗-algebras
from the outset. The readers may refer to [56] for a survey on the interactions between C∗-
algebras, K-theory, noncommutative geometry, and T-duality. Some recent results indicate
that T-duality can even be related to Langlands duality [21, 6].
1.2. Noncommutative motives. Much like motives in algebraic geometry serve as the
receptacle for the universal cohomology theory for algebraic varieties (with various inter-
esting realization functors), noncommutative motives constitute the universal cohomology
theory for noncommutative spaces in the sense of Kontsevich [35, 34]. The rough idea be-
hind its construction is to begin with a reasonable category (actually a model category) of
noncommutative spaces and then enforce certain properties that are expected of any coho-
mology theory, i.e., pass to the suspension stabilization and implement appropriate versions
of Morita invariance and localization. The techniques involved in this process are to some
extent informed by both algebraic geometry and homotopy theory. The theory of noncom-
mutative motives has interesting applications to K-theory as well as a wide variety of other
areas in mathematics [34, 45]. We briskly review its rudiments following [32, 64].
Let k be a field of characteristic zero (for our purposes it is C). Let DGcat denote the
category of (small) differential graded (DG) categories over k. In this setting a noncom-
mutative space is the same thing as a DG category. There is a model category of modules
(and even a subcategory of perfect modules) over a DG category A, whose homotopy cat-
egory denoted by D(A) is the derived category of A. We refer the readers to section 3.8
of [32], where it is explained how a functor between DG categories F : A → B induces a
restriction of scalars functor D(B) → D(A). A morphism of DG categories F : A → B is
called a derived Morita equivalence or simply a Morita morphism if the restriction of scalars
functor D(B) → D(A) is an equivalence of triangulated categories. The category DGcat
supports a model structure, whose weak equivalences are the Morita morphisms, and its
homotopy category is denoted by Hmo. In the module category over a DG category one can
perform (homotopical) analogues of most of the operations that are present on the module
category over a ring. Let rep(A,B) ⊂ D(Aop ⊗L B) be the full triangulated subcategory
consisting of those A-B-bimodules X , such that X(a,−) ∈ D(Perf(B)) for every object
a ∈ A. Set Hmo0 to be the category whose objects are DG categories and whose morphisms
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are Hmo0(A,B) := K0(rep(A,B)) with composition induced by the tensor product of bimod-
ules. There is a functor UA : DGcat → Hmo0 that should be regarded as the pure motive
associated with a noncommutative space. The functor UA is identity on objects and sends
a morphism of DG categories to its class in the Grothendieck group of bimodules. The
category of pure noncommutative motives Hmo0 further maps into a triangulated category of
mixed noncommutative motive Motlocdg . The composite functor
Ulocdg : DGcat
UA→ Hmo0 → Mot
loc
dg
has the property that it sends every exact sequence of DG categories to an exact triangle in
Motlocdg . Recall that a diagram of DG categories A → B → C is called an exact sequence if the
induced sequence D(A) → D(B) → D(C) of triangulated categories is Verdier exact. The
construction of Motlocdg uses the theory of Grothendieck derivators that we leave out from the
discussion. In this article we are solely going to focus on the category of pure noncommutative
motives Hmo0. There is a stable ∞-categorical counterpart of noncommutative motives [1]
and our results relating topological T-duality with noncommutative motives also admit a
generalization to the ∞-categorical setup (see Section 4 of [40]).
1.3. Nonconnective K-theory of pure noncommutative motives. Any pure noncom-
mutative motive is merely an object A ∈ DGcat, since the functor UA : DGcat → Hmo0
is identity on objects. Using the corepresentability result (see Theorem 6.1 of [65]) the
quickest definition of the nonconnective algebraic K-theory spectrum of a DG category A
is K(A) := RHom(Ulocdg (k),U
loc
dg (A)). Note that the category of mixed noncommutative
motives Motlocdg is canonically enriched over spectra; this is a consequence of the general for-
malism of triangulated derivators that is deployed to construct Motlocdg . The nonconnective
algebraic K-theory groups of A can be defined as Kn(A) := Hom(U
loc
dg (k),U
loc
dg (A)[−n]) for
all n ∈ Z. By construction the functor K(−) (resp. Kn(−)) factors through the category of
pure noncommutative motives Hmo0.
The nonconnective algebraic K-theory of a DG category A can also be constructed by
more traditional methods that we presently explain. The category of perfect cofibrant DG
modules Perf(A) over A admits the structure of a complicial exact category, whose weak
equivalences are those maps that are isomorphisms in D(A). Recall that a module over A is
perfect if and only if it is a compact object in the derived category D(A) (see Corollary 3.7
of [32]). Applying the Waldhausen K-theory functor Kw(−) to the complicial exact category
Perf(A) one gets the connective K-theory spectrum Kw(A) of the DG category A. From
[57] (see also Section 3.2.33 of [58]) one learns that there is a suspension construction Σ(−)
of a complicial exact category E , such that there is a natural homotopy equivalence
Kw(E)
∼
→ ΩKw(Σ(E)),(3)
provided the triangulated category associated with E is idempotent complete (e.g., E =
Perf(A)). The nonconnective K-theory spectrum of A, denoted by K(A), is the spectrum
whose n-th space is Kw(Σn(Perf(A))) and the structure maps are furnished by (3). Any
unital k-algebra R can be viewed as a DG category with one object •, such that End(•) = R.
In this case the above construction applied to E = Perf(R) recovers Quillen’s higher algebraic
K-theory of R in nonnegative degrees and Bass’ negative K-theory in negative degrees.
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1.4. Our results. We denote the category of separable C∗-algebras by SC∗ and the bivariant
K-theory category by KK. There is a canonical functor ι : SC∗ → KK, which is identity on
objects and admits a universal characterization [26, 16]. Building upon an earlier work of
Quillen [49] the author constructed a functorial passage HPfdg from separable C
∗-algebras
to (pure) noncommutative motives. For any A ∈ SC∗ the DG category HPfdg(A) consists of
cochain complexes X of right A˜-modules, where A˜ is the unitization of A, that satisfy
(1) X is homotopy equivalent to a strictly perfect complex (of right A˜-modules), and
(2) the quotient complex X/XA is acyclic.
The association A 7→ HPfdg(A) gives rise to a functor SC
∗ → Hmo0 in an evident manner. The
following two results (amongst others) are proved in [41]:
Theorem 1.1. There is a dashed functor below making the following diagram of categories
commute (up to a natural isomorphism):
SC∗
A 7→A⊗ˆK
//
ι

SC∗
HPfdg

KK //❴❴❴❴❴❴ Hmo0.
Theorem 1.2. For any A ∈ SC∗ the homotopy groups of the nonconnective K-theory spec-
trum of HPfdg(A⊗ˆK) are naturally isomorphic to the topological K-theory groups of A.
Remark 1.3. In [41] the author phrased the results in terms of NCCdg, which was called the
category of noncommutative DG correspondences. The category NCCdg is equivalent to Hmo0.
Moreover, in Theorem 3.7 of [41] actually the connective version of Theorem 1.2 was proven.
The translation to the nonconnective version based on the above discusion (see subsection
1.3) is straightforward. Note that the functor A 7→ π∗(K(HPfdg(A⊗ˆK))) is C
∗-stable, half-
exact, and homotopy invariant whence it is Bott 2-periodic and the natural comparison
map (see Section 2) gives rise to a natural transformation π∗(K(HPfdg(A⊗ˆK))) → K
top
∗ (A)
between two 2-periodic homology theories on SC∗.
A crucial insight of Rosenberg in [54] is that certain bundles of compact operatorsK on locally
compact spaces can be used to model twisted K-theory that was introduced in [23]. More
precisely, given any pair (E, h) with E locally compact one can construct a noncommutative
stable C∗-algebra CT(E, h), whose topological K-theory is the twisted K-theory of the pair
(E, h). This formalism extends to certain infinite dimensional spaces through the use of σ-C∗-
algebras [43]. In [3, 4] the authors extended the formalism of T-duality to C∗-algebras and
showed that under favourable circumstances if B and B′ are T-dual C∗-algebras, then there
is an invertible element in KK0(B,ΣB
′) that implements the twisted K-theory isomorphism
(as in (2)). The Connes–Skandalis picture of KK-theory [12] and Rieffel’s imprimitivity
result [50] are pertinent to their construction. Thanks to Theorem 1.1 we conclude that if
two stable C∗-algebras B and B′ are T-dual, such that there is an invertible element α ∈
KK0(B,ΣB
′), then their noncommutative motives HPfdg(B) and HPfdg(B
′) are isomorphic
in Hmo0. Furthermore, Theorem 1.2 asserts that the invertible element α implements the
twisted K-theory isomorphism (like (2)) that is expected from T-duality.
Recall that the Cuntz algebra O∞ is the universal unital C
∗-algebra generated by a set of
isometries {si | i ∈ N} with mutually orthogonal range projections sis
∗
i [15]. Observe thatO∞
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is a unital C∗-algebra, so that O∞-stabilization preserves unitality (unlike K-stabilization).
The following Lemma is crucial and it exploits the fact that O∞ is purely infinite.
Lemma 1.4. There is a commutative diagram in C∗
O∞
ι
//
θ $$■
■■
■■
■■
■■
O∞
O∞⊗ˆK,
κ
::✉✉✉✉✉✉✉✉✉
(4)
where the top horizontal arrow ι : O∞ → O∞ is an inner endomorphism.
Proof. Observe that the subset {sis
∗
j | i, j ∈ N} ⊂ O∞ generates a copy of the compact
operators K inside O∞. Consider the ∗-homomorphism κ : O∞⊗ˆK→ O∞, which is defined
as a ⊗ eij 7→ sias
∗
j . Due to the simplicity of all the C
∗-algebras in sight, κ is injective. Let
θ : O∞ → O∞⊗ˆK be simply the corner embedding, sending a 7→ a ⊗ e11. The composite
ι = κθ is given by ι(a) = s1as
∗
1. This ∗-homomorphism is manifestly inner. 
Recall that a functor F : SC∗ → Hmo0 is called split exact if it sends a split exact sequence
in SC∗ to a direct sum diagram in the additive category Hmo0. It follows from Lemma 3.1 of
[41] that the functor HPfdg(−) is split exact.
Theorem 1.5. If A and A′ are isomorphic in KK, then the noncommutative motives of
A⊗ˆO∞ and A
′⊗ˆO∞ are isomorphic in Hmo0.
Proof. Let us first assume that A,A′ are unital and let α ∈ KK0(A,A
′) be any invertible
element. Consider the commutative diagram that is obtained by applying A⊗ˆ− to the
commutative diagram 4
A⊗ˆO∞
idA⊗ˆι
//
R:=idA⊗ˆθ &&◆
◆◆
◆◆
◆◆
◆◆
◆
A⊗ˆO∞
A⊗ˆO∞⊗ˆK.
S:=idA⊗ˆκ
88♣♣♣♣♣♣♣♣♣♣
(5)
Now from Theorem 1.1 one obtains a diagram in Hmo0
HPfdg(A⊗ˆO∞)
HPfdg(R)
// HPfdg(A⊗ˆO∞⊗ˆK)
HPfdg(S)
//
β=HPfdg(α⊗ˆidO∞⊗ˆidK)

HPfdg(A⊗ˆO∞)
HPfdg(A
′⊗ˆO∞)
HPfdg(R′)
// HPfdg(A
′⊗ˆO∞⊗ˆK)
HPfdg(S′)
// HPfdg(A
′⊗ˆO∞).
(6)
where R′ and S ′ are defined in the obvious manner (replace A by A′ in diagram 5). Since
α is invertible, so are α⊗ˆidO∞ and α⊗ˆidO∞⊗ˆidK. Therefore, the middle vertical arrow
β is an isomorphism. Observe that S ◦ R is an inner endomorphism in SC∗ of the form
x 7→ (1A⊗s1)x(1A⊗s1)
∗ (and so is S ′ ◦R′ similarly). It is known that if F is a matrix stable
functor on C∗ (resp. SC∗) and f is an inner endomorphism in C∗ (resp. SC∗), then F (f) is
the identity map (see, for instance, Proposition 3.16. of [19]). It was shown in Lemma 2.3
of [41] that the functor HPfdg(−) is matrix stable on SC
∗, whence we get
HPfdg(S) ◦ HPfdg(R) = idHPfdg(A⊗ˆO∞) and HPfdg(S
′) ◦ HPfdg(R
′) = idHPfdg(A′⊗ˆO∞).
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Thus the maps HPfdg(R) and HPfdg(R
′) possess left inverses. An inspection of diagram
6 reveals that it suffices to show that they also possess right inverses. The composite ∗-
homomorphismK
i
→֒ O∞
θ
→ O∞⊗ˆK defines an invertible element θ◦i = γ ∈ KK0(K,O∞⊗ˆK).
Consequently, idA⊗ˆγ ∈ KK0(A⊗ˆK, A⊗ˆO∞⊗ˆK) is an invertible element. By Theorem 1.1
idA⊗ˆγ⊗ˆidK = (idA⊗ˆθ⊗ˆidK) ◦ (idA⊗ˆi⊗ˆidK) induces an isomorphism
HPfdg(A⊗ˆK⊗ˆK)
∼
→ HPfdg(A⊗ˆO∞⊗ˆK⊗ˆK).
Let us set I = idA⊗ˆi, so that HPfdg(R⊗ˆidK) ◦ HPfdg(I⊗ˆidK) is the above isomorphism. Now
consider the following commutative diagram
A⊗ˆK //
I

A⊗ˆK⊗ˆK
I⊗ˆidK

A⊗ˆO∞ //
R

A⊗ˆO∞⊗ˆK
R⊗ˆidK

A⊗ˆO∞⊗ˆK // A⊗ˆO∞⊗ˆK⊗ˆK.
Here all the horizontal arrows are corner embeddings. Now the top and the bottom horizontal
arrows are homotopic to isomorphisms. Since HPfdg(−) is homotopy invariant on stable C
∗-
algebras, it sends the top and the bottom horizontal arrows to isomorphisms. We already
know that it sends (R⊗ˆidK) ◦ (I⊗ˆidK) to an isomorphism. It follows that HPfdg(R) has a
right inverse. Similarly, one can prove that HPfdg(R
′) has a right inverse. Now using split
exactness of HPfdg(−) one can extend the result to nonunital C
∗-algebras. 
Corollary 1.6. The functor HPfdg(−⊗ˆO∞) is C
∗-stable and it factors through KK.
Proof. For any separable C∗-algebra A the corner embedding A → A⊗ˆK is KK-invertible
whence HPfdg(−⊗ˆO∞) is C
∗-stable. It follows from Lemma 3.1 of [41] that the functor
HPfdg(−⊗ˆO∞) is split exact. The second assertion now is a consequence of the universal
characterization of KK. 
Now we prove the O∞-analogue of Theorem 1.2.
Theorem 1.7. For any A ∈ SC∗ the homotopy groups of the nonconnective K-theory spec-
trum of HPfdg(A⊗ˆO∞) are naturally isomorphic to the topological K-theory groups of A.
Proof. By the above Corollary the nonconnective K-theory spectra of HPfdg(A⊗ˆO∞) and
HPfdg(A⊗ˆO∞⊗ˆK) are weakly equivalent. By Theorem 1.2 the homotopy groups of the
nonconnective K-theory spectrum of HPfdg(A⊗ˆO∞⊗ˆK) are isomorphic to the topological
K-theory groups of A⊗ˆO∞, which are in turn isomorphic to those of A. 
Remark 1.8 (Categorification of topological T-duality). It is shown in Example 5.6 of
[4] that if two pairs (E1, h1) and (E2, h2) over B with are T-dual, then one can con-
struct an invertible element in KK1(CT(E1, h1),CT(E2, h2)). It follows that CT(E1, h1)
and ΣCT(E2, h2) are isomorphic in KK whence by Theorem 1.5 HPfdg(CT(E1, h1)⊗ˆO∞) and
HPfdg(ΣCT(E2, h2)⊗ˆO∞) are isomorphic in Hmo0. Now using Theorem 1.7 one concludes
K∗(HPfdg(CT(Ei, hi)⊗ˆO∞)) ∼= K
top
∗ (CT(Ei, hi))
∼= (Ktop)∗(Ei, hi)
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for i = 1, 2 and hence one obtains the isomorphism (2) between twisted K-theories (up to
a shift) under T-duality. Since noncommutative motives constitute the universal additive
invariant [64], an isomorphism therein is the most fundamental (co)homological isomorphism.
Remark 1.9. The introduction of O∞ in this setting is quite interesting because of the
Dixmier–Douady theory via O∞⊗ˆK-bundles due to Dadarlat–Pennig [20] that is able to see
higher twists of Ktop-theory. This avenue of research deserves further attention.
2. The generalized homology theory K(−⊗ˆO∞)
Let hSp denote the triangulated stable homotopy category. A functor F : C∗ → hSp
is called homotopy invariant if it sends the evaluation at t map evt : A[0, 1] → A to an
isomorphism in hSp for all A ∈ C∗. Such a functor is called excisive if for any short exact
sequence 0 → A → B → C → 0 in C∗ the induced diagram F (A) → F (B) → F (C) →
ΣF (A) is an exact triangle in hSp. A homotopy invariant excisive functor F : C∗ → hSp
is called an hSp-valued generalized homology theory on C∗. It is known that the algebraic
K-theory functor K(−) acquires special properties after stabilization with respect to the
compact operators. We are going to show that the same is true after O∞-stabilization.
Proposition 2.1. The functor K(−⊗ˆO∞) : C
∗ → hSp is an excisive functor.
Proof. It follows from the Suslin–Wodzicki Theorem [62, 63] that the functor K is excisive
on C∗. Since maximal C∗-tensor product is exact, the functor −⊗ˆO∞ preserves exactness in
C∗ whence K(−⊗ˆO∞) is excisive. 
Thanks to the Karoubi conjecture, which is now a Theorem [62, 63], we know that the
nonconnective algebraic K-theory of a stable C∗-algebra is isomorphic to its topological K-
theory. In fact, there is a canonical comparison map of spectra that induces the isomorphisms
cn(A) : Kn(A)→ K
top
n (A) for all n ∈ Z when A is stable [30] (see also [55]). The comparison
map c0(A) : K0(A)→ K
top
0 (A) is always an isomorphism.
Proposition 2.2 (Cortin˜as–Phillips, Karoubi–Wodzicki). For any C∗-algebra A the com-
parison map cn(A⊗ˆO∞) : Kn(A⊗ˆO∞)→ K
top
n (A⊗ˆO∞) is an isomorphism for all n ∈ Z.
Proof. Let us first assume that A is a unital C∗-algebra. After applying A⊗ˆ− to the com-
mutative diagram 4 in Lemma 1.4 we obtain
A⊗ˆO∞
id⊗ˆι
//
R:=id⊗ˆθ &&▼▼
▼▼
▼▼
▼▼
▼▼
▼
A⊗ˆO∞
A⊗ˆO∞⊗ˆK,
S:=id⊗ˆκ
88qqqqqqqqqqq
(7)
where the top horizontal arrow is an inner endomorphism. Now applying the functors Kn(−),
Ktopn (−) and using the naturality of cn, we get a commutative diagram
Kn(A⊗ˆO∞)
Kn(R)
//
cn(A⊗ˆO∞)

Kn(A⊗ˆO∞⊗ˆK)
Kn(S)
//
cn(A⊗ˆO∞⊗ˆK)

Kn(A⊗ˆO∞)
cn(A⊗ˆO∞)

Ktopn (A⊗ˆO∞)
Ktopn (R)
// Ktopn (A⊗ˆO∞⊗ˆK)
Ktopn (S)
// Ktopn (A⊗ˆO∞).
(8)
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Since S ◦R is the inner endomorphism id⊗ˆι : A⊗ˆO∞ → A⊗ˆO∞, we conclude that Kn(S) ◦
Kn(R) is the identity map due to the matrix stability of algebraic K-theory on the cate-
gory of unital C∗-algebras. Moreover, Ktopn (S) ◦K
top
n (R) is also the identity map due to the
matrix stability of Ktopn (−). The assertion for unital A now follows by a simple diagram
chase. Indeed, it is easily seen that Kn(R) must be injective and K
top
n (S) must be surjec-
tive. Since A⊗ˆO∞⊗ˆK is stable, we conclude that cn(A⊗ˆO∞⊗ˆK) is an isomorphism. Thus
cn(A⊗ˆO∞⊗ˆK) ◦Kn(R) is injective whence so is cn(A⊗ˆO∞) (the left vertical one). Similarly,
Ktopn (S) ◦ cn(A⊗ˆO∞⊗ˆK) is surjective whence so is cn(A⊗ˆO∞) (the right vertical one).
The proof for nonunital A follows by a simple excision argument (see Proposition 2.1). 
Remark 2.3. The above Proposition also follows from a result of Cortin˜as–Phillips. They
proved that the comparison map cn(A) : Kn(A) → K
top
n (A) is an isomorphism in a more
general setting [13]. Our argument above is based on a strategy of Karoubi–Wodzicki [31]
with some simplifications that exploit the special properties of O∞. We have decided to
include our simple proof as it involves only elementary (homological) algebra and hence it is
(hopefully) comprehensible to non-experts on C∗-algebras.
Recall from [29] (see also Section 8.3 of [19]) that for any C∗-algebra A there is a functorial
spectrum Ktop(A), whose homotopy groups are the topological K-theory groups of A.
Theorem 2.4. For every A ∈ C∗ there is a natural isomorphism K(A⊗ˆO∞) ∼= K
top(A) in
hSp, i.e., the functor K(−⊗ˆO∞) : C
∗ → hSp is a model for topological K-theory.
Proof. It follows from Proposition 2.2 that the natural comparison map of spectra is a weak
equivalence. Since the canonical ∗-homomorphism A → A⊗ˆO∞ sending a 7→ a ⊗ 1O∞ is a
KK-equivalence, we have a zigzag of weak equivalences of spectra
K(A⊗ˆO∞)
∼
→ Ktop(A⊗ˆO∞)
∼
← Ktop(A).
Thus for every A ∈ C∗ there is a natural isomorphism K(A⊗ˆO∞) ∼= K
top(A) in hSp. 
Remark 2.5. It is interesting to associate with any C∗-algebra a symmetric spectrum,
whose homotopy groups are the topological K-theory groups. One strategy that circumvents
the intricacies involved in constructing symmetric spectra of topological K-theory directly is
the following: for any unital C∗-algebra A construct the (connective) Waldhausen K-theory
[67] of A⊗ˆO∞; it produces naturally a symmetric spectrum [25] and thanks to Theorem 2.4
it is a model for the (connective) topological K-theory of A. The Green–Julg–Rosenberg
Theorem also enables us to treat the G-equivariant case for a finite group G. Indeed, one
can simply apply the (connective) Waldhausen K-theory functor to (A ⋊ G)⊗ˆO∞ for any
unital G-C∗-algebra A and use the natural identifications
K∗((A⋊G)⊗ˆO∞) ∼= K
top
∗ ((A⋊G)⊗ˆO∞)
∼= Ktop∗ (A⋊G)
∼= (Ktop)G∗ (A).
Using Theorem 1.7 we can handle the situation if A is nonunital or G is not finite (but
compact) or both. This construction would radically differ from that of [29].
3. Strongly self-absorbing operads
Operadic structures have pervaded many areas of mathematics and physics with wide
ranging applications. From the viewpoint of topology the operadic machinery can be effec-
tively used to recognise (infinite) loop spaces. An operad in a symmetric monoidal category
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(C,⊗, 1C) consists of a collection of objects {C(j)}j>0 with each C(j) carrying a right action
of the permutation group Σj , a unit map η : 1C → C(1), and product or composition maps
γ = γj1,··· ,jk : C(k)⊗ C(j1)⊗ · · · ⊗ C(jk)→ C(j)
for k > 1 and js > 0 for all s = 1, · · · , k subject to j =
∑
s js. These data should be inter-
compatible in a specific manner, i.e., satisfy certain associativity, unitality, and equivariance
axioms (see, for instance, [36]). Neglecting the actions of the permutation groups and the
corresponding equivariance conditions one arrives at the notion of a nonsymmetric operad.
In this section a space is tacitly assumed to be compactly generated and weakly Hausdorff.
Observe that such spaces constitute a symmetric monoidal category under cartesian product
with pt (a singleton space) as a unit object and hence one may consider operads in spaces.
Recall that a unital separable C∗-algebra D (D 6= C) is called strongly self-absorbing if
there is an isomorphism D
∼
→ D⊗ˆD that is approximately unitarily equivalent to the first
factor embedding D → D⊗ˆD sending d 7→ d ⊗ 1D [66]. Such C
∗-algebras turn out to be
simple and nuclear. The Cuntz algebra O∞ is a prominent example of such a C
∗-algebra.
For any strongly self-absorbing C∗-algebra D we set D(j) = Hom1(D
⊗ˆj,D), i.e., the space of
unital full ∗-homomorphisms D⊗ˆj → D with the point-norm topology. Since D is a separable
C∗-algebra, it follows from Lemma 22 of [47] that each D(j) is a metrizable topological space.
Hence they are all compactly generated and Hausdorff spaces.
Lemma 3.1. The collection {D(j)}j>0 can be promoted to an operad in spaces.
Proof. Let us define γ and η as follows:
γ : D(k)×D(j1)× · · · × D(jk) → D(j) = D(j1 + · · ·+ jk)
(α, β1, · · · , βk) 7→ α ◦ (β1 ⊗ · · · ⊗ βk)
and η : pt→ D(1) sends the unique element in pt to id : D → D. If we let the permutation
group Σj act on D(j) = Hom1(D
⊗ˆj,D) by permuting the tensor factors of D⊗ˆj , then it can
be verified that the data satisfy the associativity, unitality, and equivariance axioms. 
Thanks to the above Lemma we introduce the following operad:
Definition 3.2. For any strongly self-absorbing C∗-algebra D we call the operad that the
collection {D(j)}j>0 defines as the strongly self-absorbing D-operad.
Remark 3.3. For j = 0 we get D(0) = pt, i.e., a singleton set containing the unique unital
inclusion C →֒ D. Hence the strongly self-absorbing D-operad is a reduced operad.
Proposition 3.4. Every strongly self-absorbing D-operad is an E∞-operad.
Proof. We need to show that each D(j) for j > 0 is contractible and the action of Σj on each
D(j) is free. The contractibility of each D(j) follows from Theorem 2.3 of [20] and the fact
that D ∼= D⊗ˆj. In order to see the freeness of the Σj-action on D(j) we check the stabilizers.
For any f ∈ D(j) suppose fσ = f . Owing to the simplicity of D⊗ˆn any such f ∈ D(j) must
be a monomorphism whence σ has to be the trivial permutation. 
Remark 3.5. The underlying nonsymmetric operad of every strongly self-absorbing D-
operad is an A∞-operad.
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A functor G : (E ,⊗E , 1E)→ (F ,⊗F , 1F) between symmetric monoidal categories is called
lax symmetric monoidal if there is a morphism 1F → G(1E) in F and natural transformations
κ : G(A)⊗F G(B)→ G(A⊗E B)(9)
for all A,B ∈ E that satisfy certain well-known associativity, unitality, and symmetry condi-
tions. If E and F are (pointed) topological categories, i.e., they are enriched over (pointed)
spaces, then a functor G : E → F is called enriched if for all A,B ∈ E the induced map
MapE(A,B) → MapF(G(A), G(B)) is (pointed) continuous. Here we have adopted the
convention that in the enriched setting we denote the (pointed) space of morphisms by
MapE(−,−), MapF (−,−), and so on. A symmetric monoidal pointed topological category
B = (B,∧, 1B) is said to be equipped with a closed action of pointed spaces S∗ if, for every
X ∈ B and for every pair of pointed spaces K,L, the following hold:
• the functor (−) ∧X : S∗ → B is the (enriched) left adjoint of MapB(X,−) : B → S∗,
• the functor K ∧ (−) : B → B admits an (enriched) right adjoint (−)K : B → B, and
• there are coherent natural isomorphisms (K∧L)∧X ∼= K∧(L∧X) and S0∧X ∼= X .
Let C be any operad in spaces. An object X ∈ B is said to be an algebra over C if there are
maps θ : C(j)+ ∧X
∧j → X in B for all j > 0, that are associative, unital, and equivariant
in a suitable sense [36]. Moreover, an object M ∈ B is said to be a module over X if there
are maps λ : C(j)+ ∧ X
∧(j−1) ∧ M → M in B for all j > 1 that are again associative,
unital, and equivariant as explained in [36]. One can also define X as an algebra object in B
over C via a morphism of topological operads C+ → EndB(X), where EndB(X) denotes the
endomorphism operad of X in B (so that EndB(X)(j) = MapB(X
∧j, X)).
A typical example for B that the reader should keep in mind is the category of symmetric
spectra SpΣ. It has an associative and commutative smash product ∧ (with the sphere
spectrum S as the unit object) that is accompanied by a well developed theory of rings and
modules. The category of symmetric spectra in pointed spaces is enriched, tensored and
cotensored over S∗, i.e., it admits a closed action of S∗ (see Propositions 1.3.1 and 1.3.2 of
[28] and Example 3.36 of [60] for their topological counterparts). Therefore, the symmetric
monoidal category (SpΣ,∧, S) satisfies the assumptions on (B,∧, 1B) mentioned above. It is
also a stable model category, whose homotopy category is equivalent to hSp. For further
details consult [28, 60].
Recall that (C∗, ⊗ˆ,C) is a symmetric monoidal category, where ⊗ˆ is the maximal (or
the minimal) C∗-tensor product. It is also enriched over (pointed) spaces if we endow the
morphism sets with the point-norm topology. Let C denote a symmetric monoidal topological
subcategory of that of C∗-algebras that contains all strongly self-absorbing C∗-algebras, e.g.,
C = SC∗ or the category of nuclear separable C∗-algebras. In each case ⊗ˆ can be either the
maximal or the minimal C∗-tensor product.
Theorem 3.6. Let D be any strongly self-absorbing C∗-algebra and (B,∧, 1B) be any sym-
metric monoidal pointed topological category that is equipped with a closed action of pointed
spaces. Let C be a symmetric monoidal topological subcategory of C∗ as above and F : C → B
be a lax symmetric monoidal enriched functor. Then F (D) is an algebra object in B over the
strongly self-absorbing D-operad. Moreover, for any A ∈ C, the object F (D⊗ˆA) ∼= F (A⊗ˆD)
is a module over F (D).
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Proof. We define for all j > 0 the following maps
θ : D(j)+ ∧ F (D)
∧j → F (D)
(f, (x1, · · · , xj)) 7→ f∗(κ(x1, · · · , xj)).
Here f∗ : F (D
⊗ˆj)→ F (D) is the map induced by f ∈ D(j) and κ : F (D)∧j → F (D⊗ˆj) is the
canonical map induced by (9). Similarly, we define for all j > 1 the following maps
λ : D(j)+ ∧ F (D)
∧(j−1) ∧ F (D⊗ˆA) → F (D⊗ˆA)
(f, (x1, · · · , xj−1), y) 7→ (f ⊗ id)∗(κ
′((x1, · · · , xj), y)).
Here κ′ : F (D)∧(j−1) ∧ F (D⊗ˆA) → F (D⊗ˆ(j−1)) ∧ F (D⊗ˆA) → F (D⊗ˆj⊗ˆA) is induced by the
composition of the canonical maps furnished by (9) and (f ⊗ id)∗ : F (D
⊗ˆj⊗ˆA)→ F (D⊗ˆA)
is the map induced by f ⊗ id : D⊗ˆj⊗ˆA→ D⊗ˆA.
We claim that θ and λ are morphisms in B. The enriched functor F gives a continuous map
D(j)+ → MapB(F (D
⊗ˆj), F (D)). There is also a continuous map MapB(F (D
⊗ˆj), F (D)) →
MapB(F (D)
∧j, F (D)) induced by κ : F (D)∧j → F (D⊗ˆj). The composite continuous map
D(j)+ → MapB(F (D)
∧j, F (D)) translates to a map D(j)+ ∧ F (D)
∧j → F (D) in B via the
closed action of S∗ on B, which is seen to be θ. Similar arguments show that λ is also a map
in B. The axiom for unitality says that the following diagrams commute:
S0 ∧ F (D)
η∧id

∼=
// F (D) S0 ∧ F (D⊗ˆA)
η∧id

∼=
// F (D⊗ˆA)
D(1)+ ∧ F (D)
θ
88♣♣♣♣♣♣♣♣♣♣♣
D(1)+ ∧ F (D⊗ˆA).
λ
66♠♠♠♠♠♠♠♠♠♠♠♠♠
This condition is clear from the fact that η maps the non-basepoint in S0 to id : D → D (see
Lemma 3.1). Now using the hypothesis that F (−) is a lax symmetric monoidal functor one
can check the required associativity and equivariance conditions. 
Example 3.7. We demonstrate the utility of our result with an important and interesting
example. There is a construction of the topological K-theory spectrumKtopΣ (−) of a separable
C∗-algebra with values in symmetric spectra SpΣ that satisfies the hypotheses of the above
Theorem (see Lemma 3.4 of [22]). Note that the authors work in the symmetric monoidal
category of Z/2-graded separable C∗-algebras SC∗Z/2 and use the graded minimal C∗-tensor
product for the symmetric monoidal structure thereon. Hence we equip SC∗ with the minimal
C∗-tensor product and consider the (lax) symmetric monoidal enriched functor SC∗ → SC∗Z/2
that endows any A ∈ SC∗ with the trivial Z/2-grading. The functor KtopΣ : SC
∗Z/2 → SpΣ
works even for separable C∗-algebras equipped with an additional compact group action. It
is a variation of the construction in [5] that landed in orthogonal spectra. The enrichment
of the composite functor SC∗ → SC∗Z/2
K
top
Σ→ SpΣ follows from the fact that SC∗ and SC∗Z/2 are
themselves enriched over (pointed) spaces and KtopΣ (−) is defined as a symmetric sequence
of mapping spaces in SC∗Z/2 (see Section 3.1 of [22]).
Remark 3.8. Thanks to Proposition 3.4 and Theorem 3.6, for any strongly self-absorbing
C∗-algebra D, one might call KtopΣ (D) an E∞-algebra object in symmetric spectra. Using
Remark 0.14 of [44] (see also Theorem 1.4 of [24]) one can rectify this E∞-algebra structure
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on KtopΣ (D) (resp. the module structure on K
top
Σ (D⊗ˆA)) to a strictly commutative algebra
structure in SpΣ (resp. to a strict module structure over the latter).
4. K-regularity of O∞-stable C
∗-algebras
Let F be any functor on C∗. A C∗-algebra A is called F -regular if the canonical inclusion
A→ A[t1, · · · , tn] induces an isomorphism F (A)
∼
→ F (A[t1, · · · , tn]) for all n ∈ N. This map
has a one-sided inverse induced by the evaluation map ev0. Rosenberg conjectured that any
C∗-algebra A is K0-regular. Using the techniques developed to prove the Karoubi conjectures
[27], it is shown in Theorem 3.4 of [55] that the conjecture is true if A is stable. In fact, the
Theorem in [55] asserts that a stable C∗-algebra is Km-regular for all m ∈ Z. A C
∗-algebra
is called K-regular if it is Km-regular for all m ∈ Z.
Theorem 4.1. The C∗-algebras A⊗ˆO∞ are K-regular for all A ∈ C
∗.
Proof. In order to avoid notational clutter let us set B[n] := B[t1, · · · , tn] for any B ∈ C
∗.
Using excision we may assume that A is unital. Arguing as in the proof of Proposition 2.2
we obtain a commutative diagram
Km(A⊗ˆO∞) //

Km(A⊗ˆO∞⊗ˆK) //

Km(A⊗ˆO∞)

Km((A⊗ˆO∞)[n]) // Km((A⊗ˆO∞⊗ˆK)[n]) // Km((A⊗ˆO∞)[n]).
(10)
Due to the stability of A⊗ˆO∞⊗ˆK the middle vertical arrow is an isomorphism. Moreover,
the compositions of the top and the bottom horizontal arrows are again isomorphisms due
to the matrix stability of the functor Km(−) for unital algebras. Observe that the composite
∗-homomorphisms A⊗ˆO∞ → A⊗ˆO∞⊗ˆK → A⊗ˆO∞ and (A⊗ˆO∞)[n] → (A⊗ˆO∞⊗ˆK)[n] →
(A⊗ˆO∞)[n] are still inner. Now a similar diagram chase as before enables one to conclude
that the left vertical arrow must be an isomorphism. 
Remark 4.2. Purely infinite simple C∗-algebras like O∞ can be regarded as maximally
noncommutative. Rather surprisingly, one needs fairly sophisticated techniques to establish
the K-regularity of commutative C∗-algebras (see [55, 14]).
Remark 4.3. Using Proposition 2.2 and Theorem 4.1 the reduction principle for assembly
maps (see Theorem 1.1 of [42]) can be generalized to include O∞ as coefficients, i.e., for
a countable, discrete, and torsion free group G, if the Baum–Connes assembly map with
complex coefficients is injective (resp. split injective), then the Farrell–Jones assembly map
in algebraic K-theory with O∞-coefficients is also injective (resp. split injective).
5. Algebraic K-theory of certain O∞-stable C
∗-algebras
We now explicitly compute the algebraic K-theory groups of certainO∞-stable C
∗-algebras.
It must be noted that complete calculation of the algebraic K-theory groups of an arbitrary
ring is an extremely difficult task in general.
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5.1. Semigroup C∗-algebras coming from number theory. A recent result of Li asserts
that for a countable integral domain R with vanishing Jacobson radical (which is, in addition,
not a field) the left regular ax+ b-semigroup C∗-algebra C∗λ(R⋊ R
×) is O∞-absorbing, i.e.,
C∗λ(R ⋊ R
×)⊗ˆO∞ ∼= C
∗
λ(R ⋊ R
×) (see Theorem 1.3 of [38]). Now we focus on the object of
our interest, namely, the left regular ax+ b-semigroup C∗-algebra C∗λ(R⋊R
×) of the ring of
integers R of a number field K. It is shown in [18] that in this case
Ktop∗ (C
∗
λ(R⋊ R
×)) ∼= ⊕
[X]∈G\I
Ktop∗ (C
∗(GX)),
where I is the set of fractional ideal of R, G = K⋊K×, and GX is the stabilizer of X under
the G-action on I. The orbit space G \ I can be identified with the ideal class group of K.
As a consequence of Proposition 2.2 we obtain
Theorem 5.1. The algebraic K-theory of the ax + b-semigroup C∗-algebra of the ring of
integers R of a number field K is 2-periodic and explicitly given by
K∗(C
∗
λ(R⋊R
×)) ∼= ⊕
[X]∈G\I
Ktop∗ (C
∗(GX)).
5.2. O∞-stabilized noncommutative tori. We recall some basic material before stating
our result. A good reference for generalities on noncommutative tori is Rieffel’s survey [52].
For any real-valued skew bilinear form θ on Zn (n > 2) the C∗-algebra of the noncommutative
n-torus Anθ can be defined as the universal C
∗-algebra generated by unitaries Ux ∈ Z
n subject
to the relation
UxUy = exp(πiθ(x, y))Ux+y ∀x, y ∈ Z
n.
Using the Pimnser–Voiculescu exact sequence one can compute the Ktop-theory of Anθ as an
abelian group, namely,
Ktop0 (A
n
θ ) ≃ Z
2n−1 and Ktop1 (A
n
θ ) ≃ Z
2n−1 .(11)
Theorem 5.2. The algebraic K-theory of the O∞-stabilized noncommutative n-torus A
n
θ is
2-periodic and explicitly given by
K0(A
n
θ ⊗ˆO∞) ≃ Z
2n−1 and K1(A
n
θ ⊗ˆO∞) ≃ Z
2n−1 .
Proof. By Proposition 2.2 one has an isomorphism K∗(A
n
θ ⊗ˆO∞)
∼= Ktop∗ (A
n
θ ⊗ˆO∞). Observe
that Ktop0 (O∞) ≃ Z and K
top
1 (O∞) ≃ 0 and all C
∗-algebras in sight belong to the UCT-class.
Using the Ku¨nneth Theorem (or possibly O∞-stability in K
top-theory) one now deduces that
Ktop∗ (A
n
θ ⊗ˆO∞)
∼= Ktop∗ (A
n
θ ). Now use Equation (11). 
We just determined the isomorphism type of the algebraic K-theory groups of Anθ ⊗ˆO∞. One
can also describe the elements in these groups using Rieffel’s results in [51].
Remark 5.3. It follows from [51] that for irrational θ the projections in Anθ generate all of
K0(A
n
θ ⊗ˆO∞) and
K1(A
n
θ ⊗ˆO∞)
∼= K
top
1 (A
n
θ ⊗ˆO∞)
∼= K
top
1 (A
n
θ )
∼
← UAnθ /U
0Anθ .
Here UAnθ denotes the group of unitary elements in A
n
θ and U
0Anθ denotes the connected
component of the identity element of UAnθ . Thus one obtains a good description of the
elements of the algebraic K-theory groups in low degrees in terms of projections and unitaries.
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